
var , x , y term variable

t ::= term
| x variable
| λx .t bind x in t lambda
| t t ′ app
| if t then t ′ else t ′′ conditional
| true true
| false false
| (t) S
| [t/x ]t ′ M

v ::= value
| λx .t lambda

typ, T ::= types
| Bool bool type
| T1 → T2 function types

ctx , Γ ::= typing context
| • empty context
| Γ, x : T assumption

terminals ::=
| λ
| −→
| →
| ∈
| ≠
| ≡α

| ≡β

| FV
| /∈
| dom
| ⊢
| true
| false

formula ::=
| judgement
| x ̸= x ′ M
| x /∈ FV (t) M
| x : T ∈ Γ M
| x /∈ dom (Γ) M

red ::=
| t1 −→ t2 t1 reduces to t2

fv ::=
| x ∈ FV (t) free variable
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aeq ::=
| t ≡α t ′ alpha equivalence

beq ::=
| t ≡β t ′ beta equivalence

typing ::=
| Γ ⊢ t : T Typing rules

judgement ::=
| red
| fv
| aeq
| beq
| typing

user syntax ::=
| var
| t
| v
| typ
| ctx
| terminals
| formula

t1 −→ t2 t1 reduces to t2

(λx .t12) v2 −→ [v2/x ]t12
red ax app

t1 −→ t ′1
t1 t −→ t ′1 t

red ctx app fun

t1 −→ t ′1
v t1 −→ v t ′1

red ctx app arg

if true then t1 else t2 −→ t1
red if true

if false then t1 else t2 −→ t2
red if false

t1 −→ t ′1
if t1 then t2 else t3 −→ if t ′1 then t2 else t3

red if

x ∈ FV (t) free variable

x ∈ FV (x )
fv var

x ∈ FV (t1)

x ∈ FV (t1 t2)
fv app l

x ∈ FV (t2)

x ∈ FV (t1 t2)
fv app r
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x ∈ FV (t)
x ̸= y

x ∈ FV (λy .t)
fv lam

t ≡α t ′ alpha equivalence

t ≡α t
aeq id

t ≡α t ′

t ′ ≡α t
aeq sym

t ≡α t ′

t ′ ≡α t ′′

t ≡α t ′′
aeq trans

t1 ≡α t ′1
t2 ≡α t ′2

t1 t2 ≡α t ′1 t
′
2

aeq app

t ≡α t ′

λx .t ≡α λx .t ′
aeq lam

x ′ /∈ FV (t)

λx .t ≡α λx ′.[x ′/x ]t
aeq subst

t ≡β t ′ beta equivalence

t ≡β t
beq id

t ≡β t ′

t ′ ≡β t
beq sym

t ≡β t ′

t ′ ≡β t ′′

t ≡β t ′′
beq trans

t1 ≡β t ′1
t2 ≡β t ′2

t1 t2 ≡β t ′1 t
′
2

beq app

t ≡β t ′

λx .t ≡β λx .t ′
beq lam

(λx .t) t ′ ≡β [t ′/x ]t
beq subst

Γ ⊢ t : T Typing rules

x : T ∈ Γ

Γ ⊢ x : T
typing var

Γ, x : T1 ⊢ t : T2

Γ ⊢ λx .t : T1 → T2
typing abs

Γ ⊢ t1 : T1 → T2

Γ ⊢ t2 : T1

Γ ⊢ t1 t2 : T2
typing app
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Γ ⊢ true : Bool
typing true

Γ ⊢ false : Bool
typing false

Γ ⊢ t1 : Bool
Γ ⊢ t2 : T1

Γ ⊢ t3 : T1

Γ ⊢ if t1 then t2 else t3 : T1
typing if

Definition rules: 28 good 0 bad

Definition rule clauses: 55 good 0 bad
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