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Where do we have concurrency?

Hardware: Different parts of the circuit operating at the same time
Processes: interacting processes on an OS that interact via system calls
SW/HW: Device drivers interacting with peripherals

Distributed systems: Different agents communicating with each others
Client/Server or User/Application

In general, cases where two components can both act independently by also can
interact with each others
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(Labeled) Transition Systems

Used to model systems (S, Act, —, I)
- Sis asetof states get

« Actis a set of labels tea
+ —C S8 % Act x S is atransition relation
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tea
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LTS example

An LTS can be used to model the (smalll step) semantics of a

program.
States reflect program's progress and variable assignments: if b: x +=1
s = (p,Mm) while x <10
Actions (i.e., labels) may represent input and outputs b = inputBool
if b x+=1

X=38 while x <10 b = inputBool
while x < 10 b = inputBool if b: x +=1 input T \x->8, b->T
b = inputBool if b: x +=1 while x <10

if b: x+=1 b = inputBool
if b: x +=1
X ->0, b->F X -> 8, b->F x -> 8 b->F

if b: x +=1
while x <10

b = inputBool
if b: x +=1
X -> 8, b->F



while x <10 b = inputBool

b = inputBool if b: x+=1
if b: x+=1 while x <10
b = inputBool
if b: x +=1
X ->9, b->F X ->9, b->F
l if b: x+=1
while x <10
while x <10 b = inputBool
b = inputBool if b: x+=1
if b: x +=1 X -> 8, b->T
input T
X->8,b->F input F




while x <10
b = inputBool

by
END if b: x 1

X ->10, b->T

input F

input F



(Labeled) Transition Systems

(S, Act, —, I)
a € Act,s € S.a—syccessors of s get
/ @

post(s,a) ={s | s — s'} tea
successors of s

pOSt(S) — UaEActPOSt(Sa Oé) tea

button

predecessors

(8%
pre(s,a) = {s' | s’ — s} 0 —coin+q>
pre(s) — UaeActpre(Sa a) coffee
state s is terminal if button @

post(s) =0 get coffee



(Labeled) Transition Systems

An LTS is deterministic iff
Il < 1AVs,a.|post(s,a)| <1
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(Labeled) Transition Systems

An LTS is deterministic iff

I| <1AVs,o.|post(s,a)| <1 get
tea
O
. button
coin
coin

»@ coffee»@
button
get coffee g



Executions

An finite execution fragment is a finite sequence ,?ee;
P = 81015209 ... 8y

Q; tea
such that S; — Si+1 button
Any state is a valid singleton execution fragment . @

coin—p»
An execution fragment can be finite of infinite coffee
A maximal execution fragment cannot be extended button w
Either is infinite or the last state is final empty
get coffee

An execution fragment is initial if its first state
IS Initial

An execution is an initial maximal execution fragment



Reachable states get

States s such that there is a initial execution fragment with tea
S1x18209 ... 8
tea
button

coin—}@

coffee
button \

empty

get coffee G)/




Interleaved Semantics

MlHMQ (Sl X Sz,ACtl U ACtQ, %,,Il X Iz)
get
N N
81 — 81 S92 — 8, tea
« / « /
s1||s2 — si||s2 s1||s2 — s1]|s}
tea
/button
Models independent systems

coin—}@
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button l @
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get
Syncronous Composition

n
(S1 X Sy, Acty U Acto, —', I X I5) butto
Ty T 0 J=coin
5152 — 8! |s2 s1|s2 = s1|s coffee
button
get coffee
84 o get tea
s1 — 8y N\ Sy — 8 tea
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get

Syncronous Composition tea
(81 x So, Acty U Acty, —', I x I) button
s1 - 8 s9 — s 0,0 )= coin
s1llsz = sz s1||s2 — s1]|s) \

coffee
button ! { >
get coffee
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S1 — 81 N\ Sg — Sy

s1lls2 = st |s)



Syncronous Composition
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Syncronous Composition
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Syncronous Composition
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Syncronous Composition
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Syncronous Composition
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Syncronous Composition
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Syncronous Composition
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Syncronous Composition

(Sl X SQ,ACtl U ACtQ,%,,Il X I2)
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s1 > shANa¢H sy —shhag¢gH

(8% / (8% /
s1||s2 — s!ls2 s1||s2 — s1]|s,

04 (81
s1— S1ANsy—~>shhNaeH

s1fls2 = s} s}

get

tea
tea
button
0 J=coin
\ coffee
button ! @
get coffee
tea
button

0 )— coin—}@
coffee

button



Syncronous Composition
get tea

rton PCI—>C2
button
get tea P
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Shared Memory

/ /

! /
X 1= X+1 X 1= X*2 P1, M — Py, M P2, M — Py, M

Y = y+1 Y = y*2 p17p27m%p,17p27m, p17p27m%p17p,27m/




Peeterson Agorithm
code executed by thread i [0,1]:

P!
D2, M — Py, M

b[l] = true P1,D2,M %plap,mm/
X:= 1-1
while x =i and b[1-i]:
skip
// Critical section
bl[i] = false

Exercise, formulate mutual exclusion and prove it



Asyncronous communications

Many forms:
« Ordered vs Unordered buffers
« Unbounded vs Bounded buffers
+ Single vs Multiple channels

- Global vs Local channels
Single component (Si, Acti, =i, I;) Act; C{r}UC x {,,?} x M

Channel buffers b: C — M*™

clm

Component states o = (s81,...,5n) o(i) — s' ANb(c) =m

ol|b = i — s']||blc — @ - m]

?
c:m R

o(i) = &' o(t) — s' ANb(c) =m-m

ollb — oli — s'][|b o||b = ofi — s']||b[c — ]




Asyncronous communications
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Asyncronous communications
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Asyncronous communications
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Deadlocks

The dining phylosophers

THE DINING PHILOSOPHERS PROBLEM

Four philosophers sit at a round table.
They alternate between thinking and eating.

To eat, a philosopher needs both forks :
(but forks can be used by only one philosopher at a time).




Deadlocks

left
return i j+1 done 4\ @
- returni,] A
—qgeti, j+1 geti,} .
Geti X | | return 1,
geti,j+1 o
fi return i+1,)
— 9eth] geti+1,]
return i, right 'ret/urn At
done ®

Remove deadlock, formulate absence of deadlock, prove it




Traces

Let p = S1x182¢x2 ... be an execution fragment. the trace of the execution
fragment is defined as ™ = trace(p) = a1y . ..

Traces can be finite vs infinite, maximal vs partial

traces(T'S) is the set of traces of initial and maximal path fragments of a transition
system

traces(s) isthe set of traces of initial and maximal path fragments of a
transition system starting from s

tracesin(T'S) traces of initial and partial path fragments of TS

Can be seen as the Language of the transition system



Relation With DFA



Traces

Let p = S1x182¢x2 ... be an execution fragment. the trace of the execution
fragment is defined as ™ = trace(p) = a1y . ..

Traces can be finite vs infinite, maximal vs partial

traces(T'S) is the set of traces of initial and maximal path fragments of a transition
system

NB. In some formalisation there is a labelling function L(s), which returns a set of
atomic propositions, and the trace of an execution consists of the labels of the

visited states

Hereafter we use X forAct or 24tomicProps



Linear Time Properties

A linear time property P over a set of labels Act is a subset of %
2" isthe set of all possible word that arise from infinite concatenations

We restrict now to only transition systems with no terminal states

A TS satisfies P iff traces(T'S) C P TS =P

A state satisfies Piff traces(s) C P sE=P



Linear Time Properties

Suppose we extend the Peeterson TS with an outer loop and we use as traces the
labeling function that returns the pair of program counters

Mutual exclusion {m | Vi.(3,3) & w[i]}

Starvation freedom {7 |Vi.(0,_) € wli| = J5 > 1| (3,_) € «[j]}



Trace Inclusion

Two TSs. TS2 is the spec, the TS1is the implementation

traces(TS1) C traces(TSs)

For linear time properties
TSo =P=TS5 =P

Trace equivalence
traces(TS1) = traces(TSs)

For linear time property this means they satisfy the same properties



Invariants

Pr is an invariant formula iff exists a propositional formula ¢ such that
Pr={apa;---€X¥|Vj>0.a; = ¢}

For example in case of traces being strings of sets of atomic propositions:

Oéj:{A,B,C} ¢:AVB:>C



Safety Properties

P is a safety property iff for every word 7 € X\ P thereis afinite prefix 0
such that

Pn{n -« |7 X =10
7 is called bad prefix for P

The set of all bad-prefixes is BadPrefizes(P)



Safety Properties Example

Mutual exclusion 17 | V2. (3,3) & m|¢]}
meXY\ P
Ji. (3,3) € 7

7' =7'[: 1]



Safety Properties Example

Mutual exclusion 17 | V2. (3,3) & m|¢]}
meXY\ P
Ji. (3,3) € 7

7' =7'[: 1]




Safety Properties

P is a safety property iff for everyword 7T € X\ P thereis a finite prefix o

such that
Pn{n -« |7 X =10

7 is called bad prefix for P

The set of all bad-prefixes is BadPrefizes(P)

For a safety property:

TS = P < traces i, (T'S) N BadPrefizes(P) =0

traces sin (T'S) C traces 1, (TS') < (TS’

— P =T8S

P) for every safety property P



SCIfety Properties TS = P < traces i, (T'S) N BadPrefizes(P) = ()
=> by contraddiction. Let TS = P Ntraces s, (TS) N BadPrefizes(P) # ()

€ traces i (1T'S) N BadPre fizes(P)

by def of finite traces, this traces can be extended to
dr =7 -7’ € traces(TS)

by definition of safety property
w¢& P

TS ¥ P



SCIfety Properties TS = P < traces i, (T'S) N BadPrefizes(P) = ()
<= by contraddiction. Let TS E PN tracesﬁn(TS’) M Ba,dPrefz':ves(P) =0

dr € traces(T'S) Nw & P

by def of safety property
dr.m =7 -7 A7 € BadPrefizes(P)
by definition of finite traces

T € traces i (T'S)



Liveness Properties

P isaliveness property iff Pref(P) = X"

that is, every prefix can be extended to meet the property



Liveness Properties Example

Starvation freedom {7 | Vi.(0,_) e 7[i] = 35 > i | (3,_) € 74|}




Decomposition

The only LT property that is both a safety and liveness property is X¢

For every LT property P there is a liveness P, and a safety P, suchthat P= P, N P,



