Process Algrbras

Algebraic semantics to capture the meaning of concurrent systems

- CCS
. pi-calculus
- CSP

Alternatives (many)
« Petri-nets



Calculus of Communicating Systems (CCS)

N ={a,b,c,d,...} setof names

N ={a|ac N} disjoint set of co-names
Act =N U ﬁ U{r} actions

processes
P:=0|u.P|P+P|P|P| (va)P)

where p € Act,a € N



Structural Operational Semantics

SMmallest relation that satisfies the following rules

_ P, = P! P, = P!
7 - - - - s
= P +P,% P P +P % P
P = P P, = P
Pi||Py = P!|| P> Pi||Py = P,| P!
Py — P{ A P, = P} P% P Aad{a,a)

P[P, = P{| P, (va)P = (va)P’



CCS examples

a.b.0||7.a.0||b. 7.0 7.a.b.0||7.a.0[|b. 7.0

a.b.0||a.0||b. 7.0

b.0(|0/|b. 7.0




CCS examples

a.b.0||a.0]/a. b.0 (a.0 +0.0)||a.0 (a.0 + .0)||(a.0 + b.0)

(a.b.0||a.0)||a. b.0

(va)(a.b.0||a.0)||a. b.0



CCS examples

7.(a.0 + b.0)||(a.0 + b.0)

(7. 2.0 + 7. 5.0)||(a.0 + b.0)

(7.a.0 4+ 7.b.0)||(7.a.0 + 7. b.0)



CCS examples

a.b.0 +b.a.0 a.0l/b.0

a.b.c.0+ c.a.b.0 a.b.0|/c.0



Replication

processes
P:=0|u.P|P+P|P|P]|(va)P) ||P

P|'P = P
1P = P!




CCS alternative semantics

Here = is a structural congruence (i.e. preserved by syntactic constructs) that
satisfy the following actions

P|Q = QP P+Q=Q+P
P(QIR) = (P|Q)[| R P+(Q@+R)=(P+Q)+R
P, = P! P, = P
P, || P, = P!|| P, P, + P, = P!
P, L P AP, S P P% P Aaé{aal

u. PSP P||Py = P!|| P! (va)P = (va)P!



LTS Isomorphism

l.e. there is a label preserving graph-isomorphism between the LTSs

,—a.()hb.O\ ,—b.O”a.O\

a b a b

| v v

.0 a.0|[0 b.0||0 a.0|[0
N e S
e aUl[ s 2Ul
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0]



LTS Isomorphism

l.e. there Is a label preserving graph-isomorphism between the LTSs

a.b.0 + b.a.0 a.0l|b.0
a.0+ 0 a.()
a.0(|b.0 b.0[|a.0

a.0(|0 a.(



Semantic equivalence

LTS Isomorphism may be too restrictive

!@ z(ag —D@)a-o——)

d




Semantic equivalence

LTS Isomorphism may be too restrictive

—>(vb)b.0

(vb)b.0 a. (vb)b.0 + a.0=2 2
d 0

a ——Pp0

()

a.0 + a.0



Trace Equivalences (for now no tau transitions)

Two processes P and Q are trace equivalent:

P ~;. Q) & traces(P) = traces
O c0|n1
coinT
coin2 coin2

coin2

—0—

l i : E l coffeeg tea coffee




Trace Equivalences (for now no tau transitions)

Two processes P and Q are trace equivalent:

P~y Q < traces(P) = traces(Q)

o coin1 —)O

Trace equivalence is not sensitive coin’ C°'”1
to deadlocks 5 6
coin2 coin2
coffee coffee

Doed  Lrodd



Trace Equivalences (for now no tau transitions)

Two processes P and Q are trace equivalent:

P~y Q < traces(P) = traces(Q)

a.b.0+ a.c.0 (a.b.0 4 a.c.0)||(a.b.0 + a.c.0)

~tr

a. (b.0 + ¢.0) a. (b.0 + c.0)||(a. b.0 + a.c.0)



Bisimulation Equivalences

A relation R is a bisimulation if for every (p,q) € R

for every
thel’e IS g % q coini O_COinz

such that (p',q¢') € R O C0'n1
coinf
for every q = q 5 rolr? c0|n2

thereis p = p , |
such that (P’,q') € R coin2 com coinz
Two states are bisimilar p ~ ¢ f_gﬁ
if there is a bisimulation R coffee
such that (p, q) c R l ’ : E l coffeeg tea coffee ea




Bisimulation Equivalences

A relation R is a bisimulation if for every (p,q) € R

for every p —> D'
there is q = q'
such that (p',q') € R

for every ¢q -t q
thereis p 5 p'
such that (P,q') € R

Two states are bisimilar p ~ g
If there Is a bisimulation R

R coffee tea coffee tea
such that (p, q) € g J I ~offee




Bisimulation Equivalences

A relation R is a bisimulation if for every (p,q) € R

for every p 5 p

. 84 /

thereis g — ¢
such that (p',q") € R

for every ¢ gafJ'
thereis » %,p',
suchthat (p,q') € R

Two states are bisimilar P ~ g
IT there I1s a bisimulation R
such that (p,q) € R




Bisimulation Equivalences

A relation R is a bisimulation if for every (p,q) € R

for every
thereis q = q'
such that (p',q') € R

for every q = q (vb)b.0 a.(vb)b.0 + a.0=< 2

thereis p — p d ~—IP()

suchthat (»,¢') € R 0

a.0+ a.0 a ——P0

Two states are bisimilar P ~ g
IT there I1s a bisimulation R
such that (p,q) € R




Bisimulation Equivalence

Pl|Q ~ Q| P P+Q~Q+P
Pl[(Q|IR) ~ (P|Q)|| R P+(Q@+R)~(P+Q)+R
P|0~ P P+0~P
(va)P ~ (va)Q s

a. P~ a.(Q



Bisimulation

Bisimulation
» equivalence relation on processes
Is preserved by all syntactic constructors



Bisimulation May still be too restrictive

coin1 O- coin2
c0|n1
C0|n2 C0|n2
c$2 coin2
coffee

coffeeé-



Testing Equivalences
TSl — (51, Actl, —7 1, Il) Test1 — (SQ, ACt1 @ w, —2, 0), w g Act1
p=p Ag—q
(p,q) = (0',q")

An observation from (s.0) is a run of the syncronous comp08|t|on
An observation is successful if containspn, ¢.) A gn — ¢’



Asynchronous t-Calculus

channel names to be communicated along the channels themselves (this is
why it is referred to as calculus of mobility)

P:=0|P|Q|P+Q|(vx)P|'P|| 7. P

™= iInternal actions

m=z(y) bindsy inthe prefixed process. Input a name, refer to it asy, on
the channel y

m =y  does notbindy in the prefixed process. Output a name y on the
channel x



Operational semantics m-Calculus

fn(0) =0 fr(z(y). P) = fn(P) \ 1y} Uiz}
fn(P|Q) = fn(P)U fn(Q) fn((vze)P) = fn(P) \ {z}
fr(P+ Q) = fn(P)U fn(Q)

fn(lP) (P)

fn(r. P) = fn(P)

fn(zy. P) = fn(P)U{z,y}



(Early) Operational semantics m-Calculus

labels: =y | z(y) | Ty

P> p P> P Abn(a)n fr(Q)
PLP P+Q % P P|Q = P'||Q
‘ Pij P'NQ -~ Q'
zy. P P z(y). P — P{w/y} P|Q — P'||Q"
T z(y) x
P—y>P’/\y7éJ:/\w¢fn((1/y)P’) PP AQ—Q

(vy)P 2, pr PQ 5 (vy)(P'|Q")

P|'P = P
1P = P!

PSP Az én(a)

(vz)P = (vz)P!



(Late) Operational semantics m-Calculus

labels: =y | z(y) | Ty

(87

PYLP . PSP Abua)n fn(@) =0

@

PSP P+Q35 P P|Q = P'||Q

o o Pm>P’/\QﬂQ’
. P2 P z(y).P— P{w/y} Pl|QS P|Q{w/y}

z(y)

PﬁP’/\y#m/\wgfn((yy)P’) P—"5 P AQ-— Q'

(vy)P 2, pr PQ 5 (vy)(P'|Q")

P|'P = P
1P = P!

PSP Az én(a)

(vz)P = (vz)P!



